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ABSTRACT: The free energy of deformation and the equilibrium dimensions of strands have been calculated for a
network of Gaussian random coils. For networks without local loops, containing S elastically active strands and
elastically active junctions, the results are AA = (S — J) kT[(Ja® + a,% + .2 = 3]/2) — (J/S) In ayaya;] and
((r2)/{r2)¢)eq = J/S. For perfect f-functional networks the coefficient on the logarithmic term is 2/f, in agreement
with an expression obtained some years ago by Flory. The equilibrium contraction ratio for perfect tetrafunctional
networks is '%, in agreement with a suggestion by James and Guth and with the recent exact results of Eichinger.

Recently we developed an expression for the change in
configurational free energy of random coil networks for
constant volume deformation, based on the properties of
ensembles of small sample networks.! The present paper
extends this work to include changes in the network vol-
ume such as occur upon swelling with small molecule sol-
vents. The aim is an equation of state for phantom net-
works? (those in which the constraints on configuration are
provided only by the internal connections of the network
itself) for use in extracting the contributions of network to-
pology, such as chain entanglement, from the experimental
behavior of real networks.? The various theories and con-
troversies concerning the volume dependence of free energy
in networks have been reviewed recently.*-®

In the earlier paper the entropy change for an ensemble
of micronetworks, representative of the local connectivity
pattern of the macroscopic network, was calculated. These
micronetworks are composed of random coil (Gaussian)
strands joining mobile junction points, and are anchored by
a number of fixed points which move rigidly in response to
any macroscopic deformation. The sketch shows an exam-
ple of a third-order trifunctional micronetwork which has
been built up around the central junction A.

The mobile junctions are denoted by circles and the pe-
ripheral fixed points by crosses. The example here is third
order because each of the fixed points is three strands re-
moved from the central junction. The micronetworks con-
tain no closed loops (they are ring-free graphs or trees in
Gordon’s terminology’), which we believe correctly por-
trays the local connectivity pattern of most macroscopic
networks. The distribution of fixed point positions was
taken to be that corresponding to equilibrium for an en-
semblle of independent micronetworks of identical struc-
ture.

The entropy change resulting from an affine displace-
ment of the fixed points was found to be expressable as the
sum of two contributions, one proportional to the number
of strands in the micronetwork joining two mobile junc-
tions, the other proportional to the number joining a fixed

point and a mobile junction. Associations of the former
with macroscopic networks, in which all junctions are mo-
bile, leads to the following expression for the free energy of
deformation AA for a macroscopic network with J elasti-
cally effective junctions®® (junctions with three or more
strands leading independently to the network) and S elas-
tically effective strands (strands joining two elastically ef-
fective junctions):

(1)

A= (S —J)kT <ax2+ ay2+ a22—3>

2

in which a,, a,, and a, are the macroscopic stretch ratios
along the principal strain directions. Since only volume
preserving deformations were considered, the product
axaye; is unity. Also, since the micronetworks have no in-
ternal loops, the mean-square end-to-end distance of the
strands (r?) is the same as that for free strands, (r2)q (see
below), so the reference state for determining a», ay, and
a, in eq 1 is that for which (r?) = (r2),.

The same procedures can be followed in dealing with de-
formations which change the volume, at least to the point
of establishing the response of a micronetwork ensemble.
The final association with macroscopic network behavior is
then made through an independent calculation of the equi-
librium strand dimensions in phantom networks. Both cal-
culations are carried out for networks with an arbitrary dis-
tribution of strand contour lengths.

Calculation of Averages

We will be calculating ensemble averages of the form:

<Q> = f s e f Q eXp(*%Q)de e dRN
S ... Jexp(-%@)dR, ... dRy

in which Ry, ..., Ry are internal position vectors, dR; is
the volume element, dx;dy;dz;, the integrals extend over
all space, and @ is a quadratic function of the position vec-
tors which is everywhere greater than zero (a positive-defi-
nite quadratic form). It is always possible to find a linear
transformation of variables for such quadratic forms which
converts them to a sum of squares in the new coordinates!®

(2)

M=
Mz

N
Q= viiR; - R; = kgx Ak2pk - pr (3)

1

1j

in which the px (k = 1, ..., N) are the new coordinate vec-
tors, and the eigenvalues of the transformation Ay (k = 1,
..+ N) are all real and nonzero. The integrals can then be

‘written as in eq 4, in which T is the Jacobian of the linear

transformation:

dR;...dRy =TIdp:1...dpn
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N 3 N
f f(Z szk-pk) exp[—‘ z >\k2pk-pk] Tdp; ...dpn
k=1 2 k=1

(Q) =

4)

3 N
f o f exp [—-2“;:1 Xkak-pk] Tdp;...dpn

(Q) =

N 3 N
f - f k; Me2[Brprx? + Bypry? + B:pk.2] exp [— 551 Ax2pk 'Pk] dp1...dpn

(4a)

3
f...fexp[~§)\k2pk-pk] dp;...dpn

which is independent of the coordinates and therefore can-
cels from the equation for (@). Term by term integration
of eq 4 then leads immediately to the result in eq 5, irre-

(Q)=N (5)

spective of the individual values of A\;. The usefulness of
this result in the statistical mechanics of systems with qua-
dratic interparticle potentials is well established.!!

We can use the symmetry of the forms in eq 4 with re-
spect to the three coordinate directions to develop a useful
generalization of eq 5. Suppose that instead of eq 4 we wish
to evaluate eq 4a, in which pkx, pry, and pi. are the re-
spective components of p; and the parameters §,, 3y, and
8. are constants. Again, term by term integration leads to
the result

Bt Bt By

Q) 3 (6)

Micronetwork Analysis with Volume Changes

Consider now an ensemble of loop-less micronetworks,
each with S Gaussian strands, labeled i = 1, ..., S, joining
J mobile junctions and F fixed points. The density of con-
figurations available to strand i is proportional to
exp{=3%(r; - ¥;/{r;?)o)}, r; being the end-to-end vector of
strand ¢ and (r;2); the mean-square end-to-end distance
for the same strand as a free chain. Thus, the number of
configurations available to micronetworks with specified
positions of all junctions and fixed points is proportional to
the product of the density of configurations for all strands,
multiplied by the elemental volumes containing each of the
fixed points and junctions {eq 7). The proportionality con-
stant C’ depends only on the number of strands and their
contour length distribution, and is independent of the
junction coordinates. One of the fixed points has been
taken to be the origin of coordinates for each micronet-
work. The positions of the remaining F — 1 fixed points are
given by vectors drawn from this origin and labeled Ry, . . .,
Rr_1, while those of the mobile junctions are given by Ry,

» RFeg-1.
&Y =
, 38
C exp Z 6R;...0Rp_16Rp. .. 5RF+J_1 (7
21 1 (rL )0

The total number of configurations available to a micro-
network with a given set of internal fixed point coordinates
Ry, ..., Rp_; is the sum of contributions for all possible po-
sitions of the mobile junctions:

wec [ feol 35252

dRr ... dRF+J_1] sRi...0Rr-1 (8)

Now r; is just the difference in the position vectors of the
two junctions (or junction and fixed point) which are joined
by strand i. It is therefore evident that SE e/ (1 s
a quadratic function of the coordinates Ry, ..., Rpy —1 and
that it is also positive for all possible sets of the position
vectors. It can therefore be transformed to form the re-
quired sum of squares
F+J~1
kZ1 Ae2pr ~ pr

We have in mind a particular procedure for converting to
the sum of squares, namely the method of Lagrange ap-
plied first to the mobile junction coordinates and then to
the fixed points. The method of Lagrange!® proceeds by
successive completion of squares. The terms remaining
after each such completion contain only the variables left
to be transformed. Thus, if we develop the transformation
by completing the squares for the mobile junction coordi-
nates first, then we can retain the association of the trans-
formed coordinates p1, . . ., pr—1 With the set of fixed point
coordinates Ry, ..., Rp_1, as is needed in what follows.

After performing the indicated integrations over the J
transformed mobile junction coordinates we arrive at

3 F—1
5Q=Cexp[—§k§1 )\k2pk’ﬂk] bpr...0pp—1  (9)

in which C is independent of the fixed point coordinates.

After deformation the internal coordinates of the fixed
points are altered by the stretch ratios a., @y, and ..
Since the transformation of variables is linear, the trans-
formed coordinates after deformation are altered by the
same factors. The scalar products py - pr become ay2pp .2
+ ay%ory? + @,k % after deformation, in which px x, py,
and pr . are the respective components of pr before defor-
mation. The volume elements of ép; become ajaya,dp;.
Thus, from the Boltzmann equation, the entropy of defor-
mation for the micronetwork is

6Q(deformed)

AS(py, ...
(o1 6Q(undeformed)

spr-1) =klIn
or
q F-1
AS = -k [5 5ol = Dprse? + (2 = Dpry 2 +
k=1

(0522 - 1)Pk,22] —1In (axayaz )F—l] (10)

Since in the ensemble the probability of occurrence of
any set of fixed point positions is taken to be proportional
to the number of configurations available to a micronet-
work with that set, the average entropy per micronetwork
is
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F-1 3 F=1
Z )\kZ[(axz - l)pk,x2 + (ayz - I)Pk,y2 + (a22 - 1)Pk,22] expt_é Z >\k2pk ' Pk dpl' . 'dpF—l" (F-1) In Ay Oy Xz
k=1 k=1

5 3F—l
ff exp[“gkz %kzpk-pk}dm..-dpk
=1

However, with eq 2-6 the first term on the right in brackets
becomes simply

<ax2 + o2+ a2 —3
2
With entropy replaced by free energy, AA = —TAS, the

free energy of deformation per micronetwork becomes fi-
nally:

)F-D

a?+ a?+ a,?-3
2

The earlier paper dealt with constant volume deforma-
tions, In o ay«, being therefore equal to zero, and with a
network reference state in which ((r2)/(r?)¢),y, or ((r2)/
(r?)o), for the strands was equal to unity. The mi-
cronetworks were symmetrical in the sense that all fixed
points were separated from the central network element
(strand or junction) by the same number of strands. For
such circumstances the number of fixed points and the
number of strands are related through the junction func-
tionality. The connection between micronetwork properties
and those of macroscopic phantom networks was made
merely by extracting the contribution of strands between
mobile junctions, which is that given in eq 1. This proce-
dure was justified by the fact that the contribution per
strand between mobile junctions was independent of the
size of the micronetwork.

It is unfortunately not possible to handle the logarithmic
term in eq 12 in such a simple manner. The logarithmic
term has to do with the change in available volume for the
fixed point positions with an expansion or contraction of
the micronetwork. For an ensemble of micronetworks the
fixed points of each are established independently, and eq
12 applies. However, if these micronetworks are to be as-
sembled to form a macroscopic network (by grouping fixed
points into junctions), then the coefficient of the logarith-
mic term must be modified to reflect the retention of corre-
lation in fixed point positions among micronetworks before
and after deformation. Flory!? dealt with this correlation
contribution for networks composed of affinely deforming
individual strands (which may be thought of as single-
strand micronetworks with F = 2), and obtained the fol-
lowing expression for the free energy of a perfect f-function
network with S strands

z] (13)

We have so far not been able to extend Flory’s calcula-
tion to larger micronetworks. However, as shown in the fol-
lowing section, it is possible to determine the coefficient of
the logarithmic term in another way, namely from the di-
mengions of strands in phantom networks at equilibrium.

= (F - DiT [ ~1In axayaz] (12)

2 2 2
AA = SET [&—M—%ln Ao

Equilibrium Dimensions of Network Strands

Consider the following extension of eq 1, including the
logarithmic term of eq 13 but with a coefficient B to be de-

(r?) L f o f <;=Zl :;,-'2;.:)

(11)

termined.

al+ ay?+ 2,2 =3
2

= (S—J)kT[ ~Bln axayaz]

(14)

The equilibrium state is that for which AA is a minimum.
If V; is the volume of the network in the reference state
({{r2)/(r?)y) = 1), and V is the volume in some isotropi-
cally deformed state, then V/Vy = o® and

AA = 3(8 = kT [Tl ~ Bln a] (15)

The value of « at the minimum of free energy is obtained
from

aAA

[:J23

= 3(S = kT <a - §> =0 (16)

from which

aeg> = B (17)
The value of aeq? can also be expressed microscopically:

2o (L)

18
(r¥)o (18)

Oeq

in which the average is calculated over all S elastically ef-
fective strands for an ensemble of macroscopic networks of
identical structure:

13 r-r
(r?)o/ eq Sy

z

3 (19)
=1 {ri¥o

As before, the individual strand vectors r; are differences
‘in position vectors of the two junctions connected by the
strand, measured relative to some arbitrarily chosen junc-
tion as origin. Thus 33, S ri-r;/(r;2)q is a positive definite
quadratic form involving J — 1 junction vectors in the mac-
roscopic network. The weighting factor for calculating the
average dimensions is the number of configurations avail-
able to the network strands with the specified junction po-
sitions, which is

= crenp[ - 23

R LOR - 20
2;=1<r,3>o] 1 - (20)

The average ratio of dimensions at equilibrium is therefore

38 r
p [ 2 x ] dR;...dR,; (21)
i=1 <rl >0

D/ eq S 338
(r#)o/ eq f"'fex})[ E—Z >O]dR1...dRJ—-1
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From eq 2-5 the ratio of integrals in eq 21 is simply J — 1.
Thus,!5

)\ _J=1
(/e 8

From eq 17 and 18, the coefficient B is (J — 1)/S, which is
essentially J/S for a macroscopic network. Finally, the
elastic free energy for an arbitrary macroscopic network
with S elastically effective strands, J elastically effective
junctions, and tree-like local connectivity is:

o+ a2+ a,2-3 J

AA = (S—J)kT[ 2 -—§ln axayaz]

(22)

(23)

The reference configuration for the network is that corre-
sponding to free strand dimensions, or {({r2)/(r2)q) = 1.

For networks in which all junctions have the same func-
tionality 7, the number of strands and junctions are related
by 28 = Jf, yielding for this special case

2
Cleg? == (24)
Tf
and
- 2 2 2 _
AA=ffszT|:a" +ay2+az 3—§lnaxayaz]

(25)

The contraction factor for f = 4, aeq® = %, agrees with
that inferred by James and Guth!3 and later derived by Ei-
chinger? for tetrafunctional networks. The coefficient of
the logarithmic term in eq 25 is that given by Flory (eq 13).
The front factor on the entire expression, however, is
smaller by the factor (f — 2)/f or % for the case of tetra-
functional networks.

All these results lead to the conclusion that the elastic
properties of phantom Gaussian networks with locally tree-
like connectivity are independent of strand length distribu-
tion, junction functionality distribution, and the detailed
pattern of connectivity. Everything depends finally only on
the total numbers of elastically active strands and elastical-
ly active junctions. It is also clear from eq 22 and 24 that
the state of minimum free energy for the network corre-
sponds to an average contraction of dimensions of the elas-
tically effective strands, compared to their dimensions as
free chains. How much of this contraction is actually ob-
tained in real polymer networks till uncertain. For systems
cross-linked in the undiluted state the amount of contrac-
tion actually obtained is likely to be small, and ((r2)/
(r2)q) is probably very close to unity. It follows from eq 22
that intranetwork loops provide not only network elasticity
but also the impetus for contraction. Aside from a presum-
ably small fraction of intramolecular links,!* there are no
loops prior to the gel point and thus no driving force for
coil contraction. Moreover, even beyond the gel point the
vast majority of loops are almost certainly large scale and

Macromolecules

involve portions of many primary molecules. Thus, the con-
figurational rearrangements required for contraction must
be extremely slow and impeded as well by the interpenetra-
tion of strands from other loops in the network. Contrac-
tion could occur in networks formed in solution, however,
since mobility is greater and since contraction could be
brought about merely by the expelling of solvent. Such be-
havior probably accounts for the syneresis phenomenon
which is sometimes observed in such systems at high cross-
linking densities.%5
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